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Overview

 Maximum expected values

e Solution In the spectral domain

e auto-spectrum of the response
e admittance functions

e variance of the response

« Example: wind loading

e Outlook: a field of correlated load processes



Maximum Values

AX(t) max. value in sample

max. value in window I ] ]
time window

» 1

e Within a finite time window we can calculate the maximum value.

» There is no guarantee that there will not be a higher value outside the
time window.

» There is no true maximum value; we can only determine a threshold

that will only be surpassed by a given probability.
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Probability of Failure
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Maximum EXxpected Value

The maximum expected value is not a true maximum but a boundary value that can
be surpassed. The probability of exceeding this value, however, is known and can be
defined by the engineer. The boundary value will be used as the design value that the
structure has to withstand.

1P(X)

Xmax = Mx + g-0y

g: peak factor, depends on
 probability of exceedance
» probability density function

accepted probability of exceedance
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Peak Factor for GAussSIAN Processes

GAUSSIAN PDF: probability of exceedance:
1 _(X—H)2
P gauss (X) = \/%G e 2o P(X > Xmax j Pgauss (X) dx

general GAaussiaN distribution: | | x has N(p,o)-distribution

normalized unit GAussIAN distribution: |y = (x-p)/o has N(0,1)-distribution

X —
y= = ‘X:“x_l_y'cyx
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Procedure for Determining the Peak Factor

Procedure
(1) Choose P, g

(2) Determine y,,, from the table so
that P(y 2 ymax) = I:)bound

(3) Transform to general distribution:
Xmax = l"lX + GX ymax - l"lX + GX g

(4) Peak factor: g = Y, ax

Pbound g
5% 1.645
1% 2.33

0.28 % 2.80
0.23 % 3.5
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Example: Probability of Exceedance 3 %

Werte ®(z) der Verteilungsfunktion der N(0,1)—Verteilung

[0 [T T2 13 T4 56 [T [F I
0,0% ] 0,50000 [ 0,50399 | 0,50798 [ 0,51197 | 0,51505 [ 0,51994 | 0,52392 | 0,52790 | 0,53188 | 0,53586
0,1% || 0, 6356 | 0,56749 | 0,57142 | 0,57535
0,2* || 0, X 0257 | 0.60642 | 0,61026 | 0,61409
0,3% || 0, 1058 | 0,64431 | 0,64803 | 0,65173
0.4% || 0, 7724 | 0,68082 | 0,68439 | 0,68793
0,5*% || 0, (D X — X dX 1226 | 0,71566 | 0,71904 | 0,72240
0,6% | 0,] —_— p 1537 | 0.74857 | 0,75175 | 0,75490

7| 0] 7637 | 0,77935 | 0,78230 | 0,78524
0,8% | 0,] 0511 | 0.80785 | 0,81057 | 0,81327
0,9% || 0, —00 3147 | 0,83398 | 0,83646 | 0,83891
Lo || 0, 5543 | 0.85769 | 0,85993 | 0,86214
1,1* || 0,86433 | 0.86650 | 0,86864 | 0,87076 | 0.87286 | 0,87493 | 087698 | 0,87900 | 0,88100 | 0,88298
1,2% || 0,88493 | 0,88686 | 0,88877 | 0,89065 | 0.89251 | 0,89435 | 0,89617 | 0.89796 | 0,80973 | 0,90147
1,3% || 0,90320 | 0,90490 | 090658 | 0,90824 | 0,90988 | 0,91149 | 0,91309 | 0,91466 | 0,91621 | 0,9177
L4* || 091924 | 092073 | 0,92220 | 0,92364 | 092507 | 0,92647 | 0,92785 | 0,92922 | 0,93056 | 0,93189
1,5% || 0,93319 | 093448 | 0,93574 | 0,93699 | 0,93822 | 0,93943 | 0,94062 | 0,94179 | 0,94295 | 0,94408
1,6% || 0,94520 | 094630 | 0,94738 | 0,94845 | 0,94950 | 0,95053 | 0,95154 | 0,95254 | 0,95352 | 0,95449
1,7% || 0,95543 | 095637 | 0,95728 | 0,95818 | 0,95907 | 0,95994 | 0,96080 | 0,96164 0,96327

0,96407 | 0,96485 | 0,96562 | 0,96638 | 0,96712 | 0,96784 | 0,96856 | 0,96926 |[0,96995 |
1,9% || 097128 | 097193 | 0,97257 | 0,97320 | 0,97381 | 0,97441 | 0,97500 | 0,97558 | 0,97G15 | 0,97670
2,0% || 0,97725 | 0,97778 | 0,97831 | 0,97882 | 0,97932 | 0,97982 | 0,98030 | 098077 | 0,98124 | 0,98169
2,1% || 0,98214 | 0,98257 | 0,98300 | 0,98341 | 0,98382 | 0,98422 | 0,98461 | 098500 | 0,98537 | 0,98574
2,2% || 0,98610 | 0,98645 | 0,98679 | 0,98713 | 0,98745 | 0,98778 | 0,98809 | 098840 | 0,98870 | 0,93899
2,3% || 0,98928 | 0,98956 | 0,98983 | 0,99010 | 0,99036 | 0,99061 | 0,99086 | 0,99111 | 0,99134 | 0,99158
2,4% || 0,99180 | 0,99202 | 0,99224 | 0,99245 | 0,99266 | 0,99286 | 0,99305 | 0,99324 | 0,99343 | 0,99361
2,5% || 0,99379 | 0,99396 | 0,99413 | 0,99430 | 0,99446 | 0,99461 | 0,99477 | 099492 | 0,99506 | 0,99520
2,6% || 0,99534 | 0,99547 | 0,99560 | 0,99573 | 0,99585 | 0,99598 | 0,99609 | 0,99621 | 0,99632 | 0,99643
2,7% || 0,99653 | 0,99664 | 0,99674 | 0,99683 | 0,99693 | 0,99702 | 0,99711 | 099720 | 0,99728 | 0,99736
2,8% || 0,99744 | 0,99752 | 0,99760 | 0,99767 | 0,99774 | 0,99781 | 0,99788 | 099795 | 0,99801 | 0,99807
2,9% || 0,99813 | 0,99819 | 0,99825 | 0,99831 | 0,99836 | 0,99841 | 0,99846 | 0,99851 | 0,99856 | 0,99861
3,0% || 0,99865 | 0,99869 | 0,99874 | 0,99878 | 0,99882 | 0,99886 | 099889 | 0,99803 | 0,99896 | 0,99900
3,1% || 0,99903 | 0,99906 | 0,99910 | 0,99913 | 0,99916 | 0,99918 | 0,99921 | 0,99924 | 0,99926 | 0,99929
3,2% || 0,99931 | 0,99934 | 0,99936 | 0,99938 | 0,99940 | 0,99942 | 0,99944 | 0,99946 | 0,99948 | 0,99950
3,3% || 0,99952 | 0,99953 | 0,99955 | 0,99957 | 0,99958 | 0,99960 | 0,99961 | 0,99962 | 0,99964 | 0,99965
3.4% || 0,99966 | 0,99968 | 0,99969 | 0,99970 | 0,99971 | 0,99972 | 0,99973 | 0,99974 | 0,99975 | 0,99976
3,5% || 0,99977 | 0,99978 | 0,99978 | 0,99979 | 0,99980 | 0,99981 | 0,99981 | 0,99982 | 0,99983 | 0,99983
3,6% || 0,99984 | 0,99985 | 0,99985 | 0,99986 | 0,99986 | 0,99987 | 0,99987 | 0,99988 | 0,99988 | 0,99989

7% 1| 0,99989 | 0,99990 | 0,99990 | 0,99990 | 0,99991 | 0,99991 | 0,99992 | 0,99992 | 0,99992 | 0,99992
3,8% || 0,99993 | 0,99993 | 0,99993 | 0,99994 | 0,99994 | 0,99994 | 0,99994 | 0,99995 | 0,99995 | 0,99995
3,9% || 0,99995 | 0,99995 | 0,99996 | 0,99996 | 0,99996 | 0,99996 | 099996 | 0,99996 | 0,99997 | 0,99997
4,0% || 0,09997 | 0,99997 | 0,99997 | 0,99997 | 0,99997 | 0,99997 | 0,99998 | 0,99998 | 0,99998 | 0,99998

Probability of exceedance: 3 %

. !

®(x) =1-0.03=0.97

: B

from table
®(x =1.88) = 0.96995
®(x =1.89) =0.97062

s B

on the safe side

g=1.89
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Procedure for Design

(1) Determine p and o of the design variable v.
(2) Define probability Py, ng-
(3) Calculate peak factor g.

(4) Calculate design value forv: v, ., = u, + g o,

Mean value:

The mean value of the load leads to the mean value of the response. The dynamic
response fluctuates about this mean. So the mean response can be calculated by
a static analysis.

RMS:

The fluctuations of the load lead to the dynamic excitations. The closer the peaks
of the load spectrum S,.,4 coincide with the peaks of the admittance function, the
larger the dynamic effects are!

Open question: how do we find the standard deviation of the response?

B MENUM
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Review: Response of an SDOF-System

DUHAMEL integral for arbitrary loading:

v(t) = jp(r)h(t—r)dr

h(t-t): impulse reaction function, describes the influence of an
Impulse which took place t time units before time t.

undamped case: damped case:
_ 1 - . 1 —Eot A;
h(t) = —sinot h(t) = ——e™" sinoyt
Mo Mo,
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DuHAMEL Integral: Alternative Formulation

(a) Shift time lag from h to p:

Substitution: |t —T =S ‘ t=1-S ‘ dt =—ds

v(t) = Tp(r) h(t—1)dt=- STp(t —s)h(s)ds = j p(t—s)h(s)ds

(b) Extend integration to negative time range:

v(t) = jp(t —S)N(s)ds| | since h(s) = 0 for negative time values s

i\\
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Step 1: Covariance of the Response

Definition:

T/2

1
R,(1) = lim = | v(O)v(t+ )t
T/2

Substitute time response by DUHAMEL integral:

T2 (t t+1
R.(1) = lim ~ {J‘p(t—r)h(r)dr}{jp(Hr—s)h(s)ds}dt

T/2—>w® T
-T/2

—o0

Incorporate the limes into the integration boundaries:

T/2 00 9
R (1) = Jirllo% _[ {J'p(tr)h(r)dr}{jp(t+rs)h(s)ds}dt

-T/2 -

’
»
\

\>\\
i
-
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Re-order integrals with respect to t, r, s:

0 0 T/2
R (1) = ”h(r)h(s) TI/;TOO% J‘p(t—r)p(t+r—s)dt drds
—00—00 -T/2

Substitution in dt integral:
t—r = u -t:u+r-dt:du

t+T—-S = U+r+t-S

Express dt integral as covariance function of load p:

T/2

.1
TEIZr—rJoo? J‘p(u)p(u+r+r—s)du = R, (t+r-s)
-T/2

B MENUM
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Result 1: Covariance of the Response

Final expression for the covariance of the response:

R, (1) = Hh(r)h(s)Rp(Hr—s)drds

—00 —00

The auto-covariance function of the structural response can be computed directly from the auto-
covariance function of the load. The computation involves a double integral over the entire time
domain from minus infinity to plus infinity. The structural properties (mass, damping, stiffness)
enter the calculation via the impulse reaction function. That means that the knowledge of the
response of a system to an impulse encompasses the full information regarding its dynamic
properties.

R PO
Sl
AR
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Step 2: Auto-Spectrum of the Response

Definition of the auto-spectrum:

S,(Q) = j R (t)e ¥dt

Substitute covariance of the response by covariance of the load:

S,(Q) = T{T Th(r) h(s) Rp(r+r—s)drds}e‘mdr

—00—00

—0Q0

Substitution:

T+r—S = W|mh[t = W—r+S| m|dt = dw

b Menu
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Perform substitution:

S, (Q) = T ]i ]ih(r) h(s)R, (w)e " "*)dr dsdw

Re-order variables into 3 separate integrals:

S, (Q) = ]: h(r)e* dr- T h(s)e *ds- ]3 R, (w)e " "dw

Interpret integrals as FOURIER integrals:

S,(Q) = HQ)H(©Q)S,(Q) = [HEQ) S, ()

/
\

RO
S T|l
e
S\
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Mechanical Admittance

S,(Q) = [HQ)['S,(Q) = 7.,(Q)S,(Q)

The spectrum of the response can be directly obtained from the spectrum of the excitation by
multiplication with the square of the absolute value of the Fourlier transform of the impulse
reaction function.

A function which transforms one auto-spectrum (input spectrum) into another (output spectrum)
Is called admittance function. In the present case we have the mechanical admittance which
describes the admittance properties of the mechanical system. Since we know the impulse
reaction function, we can easily derive the mechanical admittance by perform the FouRIER
transformation analytically.

N
i
-

il
Nt
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Admittance in General

Input spectrum

-

spectrum:
wind speed

SYSTEM:

admittance

‘ output spectrum

Example: aerodynamic admittance:

-

Cross section:
 shape
e surface roughness

‘ spectrum:
wind forces

'm .

A
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FouriER Transformation of h(t)

Definition of the FOURIER transformation:

H(Q) = j h(t)e ™ dt

Introduce h(t) and note that h(t) = 0 for t<0:

T 1 . - 1 7 e
H(Q) = | —e *'sino,te™dt = —— [e ") sinw, tdt
D D
9 Mo, Mo, A
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From a mathematical handbook:

je‘axsinbxdx = Ze‘ 2(—asinbx—bcosbx)r ‘ je‘axsinbxdx = Zb ~
) a“+b 0 ) a“+b

a=Cn+I1Q|b =00,

Solution for the integral:

1 ®p B 1
H(©) = Mo, o +(En+iQ)° ‘ H(©) = mM{o” —Q° +i28wQ}

L | L |

®
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Fourlier Transform H and Mechanical Admittance

H(Q) _ (1—le)—|2n§
B K{(1-n")" +(2n&)’}

The Fourler transform H of the impulse reaction function h is identical to the complex transfer
function of the oscillator under harmonic excitation!

1
k2{L-1%)? +(2nE)?

The mechanical admittance is identical to the square of the dynamic amplification V, of the

oscillator under harmonic excitation, divided by k?! The information of the response to an
impulse, known for all time instances, is equivalent to the knowledge of the maximum response

H|" = Re?(H)+Im?*(H) =

TT\I\\
.
-\

under harmonic excitation for all frequencies!
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Example: Quasi-Stationary Model for Wind Forces

We look at the wind-induced forces on a unit strip of
the bridge deck. The wind flow around the cross
section creates a pressure distribution on the
boundary. These pressures can be integrated to
obtain forces: the drag force D, the lift force L and the
moment M. All forces are distributed forces per length
unit of the bridge deck.

Their values depend on the wind speed and the shape
of the cross section. The geometry of the cross section
Is captured by the three aerodynamic coefficients Cp,
C, and C,,, which can be measured in a boundary
layer wind tunnel. The size of the cross section is
expressed by the length B.

Force model:
D = qCy(a)B| |g=2pu°
L =qC, (a)B
M = qC,,(a)B?

variables:
kinetic pressure
density of air
wind speed
. aerodynamic coefficients
invested length

WOCD o
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Split into Static and Dynamic Effects

Total wind speed: mean value + fluctuating part:

U=U+U"’
B
1

F = EpC* B(U°+2UU'+U"?) = F+F

mean load: static deformation fluctuating load: dynamic deformation
_ _ _ 1 _
F:%pC*BUZ F’:pC*BUU'+EpC*BU'2 ~ pC.BUU'

The fluctuating part has been linearized to allow a FD approach!

B MENUM
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Aerodynamic Admittance

Some thoughts on linear transformations:

y = x| M Y(Q) = 2X(Q)

S,(Q) = J'ZT@T\X@\ ) S,(Q) = S, (Q)

Application to the present case:

SF — XFWSW
= (pC.BU)’

Y MeNUM
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Wind Spectrum of VoN KARMAN

Classic wind spectrum from literature:
5 —

S:v S i 25k f:fi
f (1.0+(8.409f)%) U,,

parameters:
U,,: mean wind speed at 10 m height
L, integral length scale
o, turbulence of the wind, o, = I, Uy,

note!

turbulence intensity I, o0
 open ground: I, = 18 % 2 *
v o, = |S,(f)df
0

/
\

N

Menum
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Wind Spectrum of VoN KARMAN

normalized wind spectrum [-]

0.35

0.3f

S -

normalized — 2

S-f
G

0.25

o
[N

0.15

0.1

10° 10° 10" 10° 10 10° 10°
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Flow Chart of the Calculation

Input:
wind spectrum S,

-

output:
rms of
displacement o,

aerodynamic
admittance yg,,

-

Integration:

o2 = js’;(f)df
0

‘ load
spectrum S

L 2

mechanic
admittance y, e

-

L 2

displacement
spectrum S,

Mmenum
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Spectra for the Wino

L, =75.0m
U,, =15.0 m/s
I, =0.30

U =225m/s

k  =15791.0 (KN/m)/m
m  =400.0 (to/m)

E =5%

L =100m

.

Problem

ance [m**2/kN**2]
~

| admitt:

normalized wind spectrum [-]
o o

chanical a
N

me

1 10
frequency [Hz]

normalized displacement spectrum [-]
I

T e L
5 ‘
e

10 10
frequency [Hz]

o

s

= /jsv(f)df —~0.14mm
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Spectral Approach and Time Domain Approach

The auto-spectrum characterizes the stochastic process per se. The solution in the spectral
domain therefore produces the response per se: one single calculation suffices to capture the
entire response in the spectral domain in the form of the auto-spectrum of the response. From the
auto-spectrum we calculate the standard deviation of the response and our analysis is finished.

In the time domain we can only manifest the random process in realizations. There are special
algorithms which generate realizations for a given process, i.e. for a given auto-spectrum.

For such a realization we can calculate a realization of the response by a time history analysis,
e.g. with a direct time integration. Each realization, however, contains only partial information
on the underlying random process. Therefore it is not possible to base a design on the results of
only one single realization: a second realization might give larger results. Instead we have to
generate a whole batch of load realizations and calculate a corresponding batch of response
realizations. We then perform a suitable statistic analysis of our batch of results and define design
values according to some chosen probability of failure.

For a computation of the wind response we typically perform 30 simulations. We find the design
value by performing an extreme value analysis for the 30 individual extreme values. This is done
by fitting an extreme value distribution, e.g. a GumgeL distribution, into our computed 30 extrema
and calculating from the fitted distribution the maximum expected value for a given probability

’
»
\

W\I\\
e
-\
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